Abstract. We verify the Becker-Shultz axioms characterizing the BeckerGottlieb transfer τ for the composite of the algebraic K-theory transfer of any perfect fibration followed by the trace map. As a consequence, for any compact ANR fibration (those considered by Becker-Shultz), τ is homotopy equivalent to the composite of the algebraic K-theory transfer followed by the trace map. Furthermore, if these same axioms (including strong additivity) could be shown to extend to characterizing τ for arbitrary perfect fibrations, our homotopy equivalence extends to the case of arbitrary perfect fibrations as well.
Introduction
Our work generalizes the main result of [5] , where it was shown that for fibrations with compact fibers that make the total space an ENR over the base, the following commutes up to homotopy
A (E)
/ / A ( * ) is homotopy commutative for all compact ANR fibrations (as considered in [1] ).
Notice, this more general result is known for smooth fiber bundles, as a consequence of [6] , where it is shown that for a smooth fiber bundle p : E → B, the diagram Q (E + ) commutes up to homotopy. If one follows each map to A (E) with the trace map, A (E) → Q (E + ), Waldhausen's result in [12] that the trace of the assembly map is homotopic to the identity implies commutes and the lower horizontal is also τ BG .
Our method of proof for Theorem 1.1 will be to verify that the axioms for characterizing the Becker-Gottlieb transfer from [1] are satisfied by the composite of the trace with the algebraic K-theory transfer. In fact, we will verify that each of these axioms holds (including the stronger version of additivity) for perfect fibrations, or Hurewicz fibrations whose fibers are retracts up to homotopy of finite CW-cmplexes. Hence, if it could be shown that these same axioms characterize the Becker-Gottlieb transfer for all perfect fibrations, then our result would also extend to arbitrary perfect fibrations.
In [5] , the technical advantage of pushing forward to a point was a description of the trace map in terms of ENRs suggested independently by both Graeme Segal and Tom Goodwillie and similar to that of Lydakis in [8] . This description "permits comparison both with the standard definition of the A-theory transfer and with a simple geometric description of the Becker-Gottlieb transfer." Our axiomatic approach allows us to use only formal properties of the trace map
established in [2] , rather than becoming involved with the technical details of the definition. In order to apply the axioms of [1] , we must extend to a relative version each of the relevant natural maps, and verify compatibility of these extensions with the natural external products of pairs. For our model of relative A-theory, we follow a construction of Waldhausen [12] , as the K-theory of a category of sequences of cofibrations of retractive spaces, whose cofibers are trivial away from the subspace (see 2.1). It then follows from [12] that
is a homotopy cofiber sequence of spectra, as is
As a consequence, we can define both the relative assembly and relative trace using the homotopy cofiber property. The relative A-theory transfer we prefer to define explicitly at the level of (cofibration sequences of) retractive spaces as pullback over the fibration, since this allows us to more easily deal with the external product. The details of these definitions are handled in section 2, which ends with a detailed statement of our main result. Section 3 is devoted to verifying the naturality and normalization axioms of [1] for our composite
since we take
as our model for the algebraic K-theory transfer. The point of section 4 is the mulitiplicativity axiom for our composite, which requires some technical work about extending external pairings to homotopy cofibers. Finally, in section 5 we verify the strong additivity axiom for our composite. The key underlying result is the Transfer Additivity Theorem of the first author from [3] , but that result does not include a naturality statement for the relevant homotopy, hence it need not extend to homotopy cofibers. This requires us to work with a less well-known model for the algebraic K-theory transfer, following [6] , given in terms of parametrized A-theory, and closer to that used in [5] .
Our Candidate for the Transfer
This section introduces the technical details of our candidate for the BeckerGottlieb transfer. Since the axioms of [1] work with a transfer of pairs, we introduce a version of relative A-theory, along with relative assembly, trace and transfer maps. We begin by detailing our model of relative A-theory. We will follow the construction from pages 334 and 335 of [11] , which gives good control over the external pairing in relative A-theory, which we'll need to verify the multiplicativity axiom in section 4.
A CW-inclusion i : Y → X induces an exact functor 
, since i is a CW-inclusion by assumption. Also, recall that a "quotient" of retractive spaces over X is defined by the pushout
The reader familiar with [11] will recognize the previous definition as his construction to give a homotopy fiber sequence, F n (Ret fd (X) , i * Ret fd (Y )). As Waldhausen shows, F • (X, Y ) is then a simplicial Waldhausen category and we define
which yields the following: Proposition 2.2 (Corollary 1.5.7 of [11] ). There is a homotopy fiber sequence
with a preferred null-homotopy of the composite.
Since we work in the category of spectra, this is also a homotopy cofiber sequence. As usual, we let our relative Q functor, Q (X, Y ) denote the stable quotient, or Q (X/Y ) ≈ Q (X + /Y + ), so Q (X, ∅) = Q (X + ) and Q (X, Y ) is the homotopy cofiber of the stable inclusion Q (Y + ) → Q (X + ). This allows us to introduce a relative assembly map Q (X, Y ) → A (X, Y ) from the homotopy naturality of the usual assembly map (see [13] ), stated as the natural homotopy commutativity of
Similarly, the homotopy cofiber property may be used to define the relative trace map, A (X, Y ) → Q (X, Y ) since the homotopy naturality of the (absolute) trace makes the following square commute up to a natural homotopy [9] A (Y )
Finally, we would like to define a relative transfer. First, we require a definition and a technical lemma from [7] , stated here for the convenience of the reader.
Definition 2.3.
A perfect fibration is a fibration whose fibers are finitely dominated (that is, retracts up to homotopy of finite CW complexes). A perfect fibration of
, consists of a perfect fibration p X and it's restriction to the subspace Y (which is then also a perfect fibration).
Lemma 2.4 (Lemma 1.26 of [7] ). Suppose
is a pushout diagram while j is a cofibration. Given a fibration p : E X → X, the pullback construction over the fibration yields a pushout diagram
with j also a cofibration.
Lemma 2.5. For a perfect fibration of pairs
the pullback construction of retractive spaces induces a relative transfer map
which is natural up to homotopy.
Proof. Given a sequence of cofibrations in the category of retractive spaces over X,
the pullback construction yields a sequence of cofibrations
X B n in the category of retractive spaces over E X . Even more, Lemma 2.4 applied to the pushout diagram defining the quotient implies p *
is assumed to be in the replete image of pushforward by the inclusion of base spaces, we have p *
lies in the replete image of the pushforward by the inclusion of total spaces as well. In other words, we
* induces a natural (up to isomorphism) simplicial Waldhausen functor
and the claim follows.
We now have three natural (up to homotopy) maps given a perfect fibration of pairs (p X , p Y ) : (E X , E Y ) → (X, Y ) and we take their composition to form our expected natural map:
which we sometimes abbreviate as T (p).
Theorem 2.6. The trace of the algebraic K-theory transfer of a compact ANR fibration is homotopic to the Becker-Gottlieb transfer.
Proof. As indicated above, our method of proof is to verify the axioms of [1, Main Theorem] for T (p), (including the strong additivity axiom) assuming only that p is a perfect fibration. We verify the naturality and normalization axioms in Propositions 3.1 and 3.2, with the multiplicativity axiom as Proposition 4.4 and the strong additivity axiom as Proposition 5.9.
Naturality and Normalization
First, we establish the naturality property of T.
is a pullback diagram of perfect fibrations of pairs. Then the diagram
commutes up to a natural weak equivalence.
Proof. This breaks up into a series of naturally homotopy commutative diagrams:
which is the naturality of the relative assembly map, induced by the naturality of the usual assembly map and the homotopy cofiber property. Next, we have
which is induced by the diagram of exact functors
which commutes by another application of Lemma 2.4. Finally, we have
which is the naturality of the relative trace map, induced by the naturality of the usual trace map (see [9] ) and the homotopy cofiber property, as above.
Now we have the normalization axiom for T.
Proposition 3.2. For the identity map
is naturally weakly equivalent to the identity.
Proof. Since the relative transfer of the identity fibration is clearly the identity by construction, it suffices to see that
is the identity up to a natural weak equivalence. However, in the absolute case Waldhausen shows
is naturally weakly equivalent to the identity on Q (X + ) [10, Theorem 5.1] (as a map of spectra by his Remark 5.3), which implies the same is true with Y in place of X everywhere. Then by naturality of the homotopy and the fact that both assembly and trace for the relative case are induced by the homotopy cofiber property, we see T (1, X, Y ) must be naturally weakly equivalent to the identity as well.
Multiplicativity
As with the naturality axiom, this decomposes into several pieces, saying each of our three components are compatible with the external pairings. We first need a technical result about homotopy cofibers and external pairings. 
Proof. We begin by noticing one way to describe the upper left corner of our diagram is as the homotopy cofiber of the map
where ⋒ is used to indicate that we take the homotopy pushout (since maps like F (Y ) → F (X) no longer need to be inclusions). Thus, the claim will follow from the natural homotopy commutativity of the cubical diagram below, by taking the homotopy cofiber of each map to the right.
The left face of the cube commutes by the combination of naturality and multiplicativity of ζ. The right face commutes as an application of multiplicativity of ζ. The back face is commutative by naturality of the multiplication in F , while the front face is similar using G. The top face commutes since ζ ∧ ζ will also be natural and the bottom face commutes by naturality of ζ.
Next, we would like to define the external pairing on relative A-theory.
Lemma 4.2. The external smash product of retractive spaces induces an external pairing on relative A-theory
Proof. First, the external smash product is a bi-exact functor
Hence, taking the entrywise external smash product of an element of F n (X, Y ) with an element of F n (W, Z) yields a sequence of cofibrations
in Ret fd (X × W ). Since Ω|N wS • (?)| preserves products, it remains only to show that the quotients
, so this operation defines a natural (up to isomorphism) bi-exact functor
However, we know a quotient B j /B i lies in the replete image of pushforward over an inclusion if and only if B i B j restricts to a bijection away from the subspace. Thus, it will suffice to show that 
Proof. The first diagram follows from Lemma 4.1 as a consequence of [11, page 363] , where Waldhausen shows the assembly map is compatible with external pairings. Unfortunately, he works with a different model for A (X) for connected spaces, so one must check two things. First, the idea that the disjoint union of components should be sent to the product of the A-theories of the components must be incorporated into the usual transition between models. Second, one must verify that all of the transition weak equivalences are compatible with external pairings as well. Both are tedious but straightforward. For the second diagram in the statement, we appeal to Lemma 4.1, using the naturality and multiplicativity of the trace as discussed in [2, page 503].
We still need to know the relative transfer is multiplicative, hence our T is also multiplicative.
perfect fibrations of pairs. Then the diagrams
and
commute up to a natural homotopy.
Proof. The second diagram follows from the first and Proposition 4.3. For the first diagram, since Ω|N wS • (?)| preserves products, it suffices to verify that the following diagram of exact simplicial functors commutes up to a natural isomorphism:
Since X B i and W C i are cofibrations, we see
is also a cofibration. Hence, we again use Lemma 2.4 to see there is a natural isomorphism in Ret
However, the image of a pair
which are then naturally isomorphic in
, and the general F n (X, Y ) × F n (W, Z) case is similar.
Strong Additivity
We now move on to the most subtle of the axioms for our composite, the strong additivity axiom, verified in Proposition 5.9. We begin by introducing some notation we will use throughout this section.
We will assume
is a pushout diagram of perfect fibrations, with p : E X → X the pushout (perfect) fibration and i a cofibration, while (X, Y ) is a CW-pair. Let
The heart of our additivity result is the A-theory Transfer Additivity Theorem of the first author in [3] , which suggests the following definition. Notice there is a natural weak equivalence X → X, induced by the trivial natural transformation | simp X/σ| → * , which is a homotopy equivalence for every σ. Thus, we can (up to homotopy) instead consider
which we specify in an alternative (but equivalent) form, following [6] . We first define a natural map
where ν EX is a Thomason homotopy inverse limit map (as in [4, section 5] ) and ρ EX is defined, using the Bousfield-Kan models for homotopy (co)limits, essentially by taking a natural transformation (on simp X) from | simp X/?| to A E ? X to the induced map on hocolims. For < p X > we then choose the image of the parametrized (homotopy) Euler characteristic χ p of [14] which we follow by (the zero level of) the natural map A X (E X ) → A (E X ). With this definition, we also have a description of ν EX (χ(p)) ∈ holim σ∈simp X Ω ∞ A (E σ X ) as the class which in A (E σ X ) corresponds to the retractive space
. Alternatively, following [6] , the parametrized (homotopy) Euler characteristic should be thought of as a map χ p : X → A X (E X ), which we can again compose with A X (E X ) → A (E X ).
As one expects, we can then define < p dec(X) > using the same process and the decomposed parametrized (homotopy) Euler characteristic of p X (since we can do so for each p i X separately). Furthermore, we can extend both of these definitions to the relative case using the homotopy cofiber property at the level of spaces and then composing further into the appropriate target Ω ∞ A (X, Y ) (since Ω ∞ need not preserve homotopy cofibers, even though A (X, Y ) is the homotopy cofiber of A (Y ) → A (X) as in [12] ).
Lemma 5.4. The adjoint of the homotopy class
specified above is the composite of the assembly and the transfer
Similarly < p dec(X) > is adjoint to the expected loop space sum
the composites of the assembly and transfer maps for the pieces of the decomposition (pushed into the total space).
Proof. We begin with the following homotopy commutative diagram where the vertical maps are given by pullback over p X at the level of retractive spaces. The square commutes up to homotopy by naturality (up to isomorphism) of the pullback construction of retractive spaces. To see the triangle commutes up to homotopy, consider the following homotopy commutative diagram, where the horizontal maps are induced by transfers over p X
Here, the image of the ν X (χ(id)) along the lower path is the upper composite in the triangle diagram. Similarly, the image of ν X (χ(id)) around the upper path through this diagram is (up to homotopy) the lower map in the triangle by definition, since the transfer of ν X (χ(id)) agrees with ν EX (χ(p)) by the explicit description of these classes given above. Now the lower composite in the original diagram represents the adjoint of the < p X > constructed above. However, since the identity fibration is a smooth fiber bundle, Theorems 5.4 and 8.5 of [6] and naturality of (fiberwise) assembly imply the horizontal composite across the top in the original diagram is homotopic to the assembly map, while the right vertical is the transfer of p X , which completes the proof for that claim.
The claim for < p dec(X) > follows from above by looking at each p i X separately.
We now have a pair of technical lemmas which will allow us to verify the naturality of the composite of the assembly and transfer in a strong form below (see Prop. 5.8). 
Proof. We will show that (using the Bousfield-Kan models for homotopy limits and colimits), the two composites send a (continuous) natural transformation f : |C/?| → F (?) to the same morphism of simplicial spaces
Applying realization to each of these simplicial spaces will then yield the stated result.
For ǫη C (f ), we have ǫ of the map usually called
Looking at our model, this becomes
Before moving on to our application, we need another definition, which leads to an extension of the previous lemma for the current situation. Once again, we point out that we only assume our fibrations are perfect fibrations, which is more general than the class of compact ANR fibrations considered in [1] . Thus, if their four axioms (including the stronger additivity axiom) were shown to completely characterize the Becker-Gottlieb transfer for perfect fibrations, then the extension of Theorem 2.6 to all perfect fibrations would be an immediate consequence.
